ABSTRACT: We present sharp inequalities related to the sequence (1 + 1/n) n and some applications to Kellers' limit and Carlemans' inequality.
Introduction and Motivation
The starting point of this paper is the following well-known double inequality e 2n + 2 < e − 1 + 1 n n < e 2n + 1 , n ≥ 1.
This inequality was highly discussed and extended in the recent past, since it was used to improve inequalities of Hardy-Carleman type. See for example [2] , [5] , [7] , [8] , [9] . As (1) is equivalent to 2n 2n + 1 < 1 e 1 + 1 n n < 2n + 1 2n + 2 ,
we prove that the best approximation of the form 1 e 1 + 1 n n ≈ n + a n + b , as n → ∞
is obtained for a = 5/12 and b = 11/12. Then we prove the following As application, we give a new proof of the limit
This limit is also known as Keller's limit. See e.g. [6] , where a different proof of (3) is presented. Moreover, the estimates from Theorem 1 are strong enough to prove
which is a new result, according to the best of our knowledge. Finally, improvements of Carlemans' inequality are given.
The Proofs
In order to find the best approximation (2), we associate the relative error sequence w n by the relations
and we consider an approximation (2) to be better when w n converges faster to zero. We have
but using a mathematical software such as Maple, we get
This form can be also obtained by direct computation.
Evidently, the fastest sequence w n is obtained when the first two coefficients in this expansion vanish, that is a = 5/12 and b = 11/12. Our first aim is now attained.
Proof of Theorem 1. The requested inequalities can be written as f > 0 and g < 0, where
x + We have
where Evidently, g is strictly concave, f is strictly convex, with f (∞) = g (∞) = 0, so g < 0 and f > 0 on [1, ∞). The proof is completed.
Kellers' limit
Let us rewrite Theorem 1 in the form We prove (3) using policemen lemma. As the sequence
can be written as
we use Theorem 1 to obtain
The extreme-side sequences are rational functions of n and they tends together to 1, as n approaches infinity. Indeed, It results that x n tends to 1, as n approaches infinity, so (3) is proved. Further, by (5), we get
and again the extreme-side sequences are rational functions of n and they tends together to 1/24, as n approaches infinity. Indeed, n 2 (((n + 1) u (n) − nv (n − 1)) − 1) = 104 509 440n 11 − 539 965 440n 10 + · · · 17 418 240n 3 (n − 1)
In consequence, n 2 (x n − 1) tends to 1/24, which is (4).
Improvements of Carlemans' inequality
While Swedish mathematician Torsten Carleman was studying quasi-analytical functions, he discovered an important inequality, now known as Carlemans' inequality. If a n is a convergent series of nonneagtive reals, then
This inequality was proven to be of great independent interest, since many authors improved it in the recent past.
The main tool for studying and improving (6) was the proof of Pólya (see [3] - [4] ), who started from AM-GM inequality in the form
where c 1 , c 2 , ..., c n > 0. The proof of the following result is based on Pólya's idea.
Theorem 2. Let a n > 0 such that a n is convergent and c n > 0 such that
c n x n a n .
Proof. Using (7), we have
Pólya took c n = (n + 1) n /n n−1 and (8) becomes
Now (7) follows from (1 + 1/n) n < e. Almost all improvements stated in the recent past use upper bounds for (1 + 1/n) n , stronger than (1 + 1/n) n < e. See [2] , [6] - [9] . We use Theorem 1 to establish the following improvement of Carlemans' inequality.
Theorem 3. Let a n > 0 such that a n < ∞. Then ∞ n=1 (a 1 ...a n ) 1/n ≤ e ∞ n=1 12n + 5 12n + 11 a n .
It also holds good
(a 1 ...a n ) 1/n ≤ e Being very accurate, we are convinced that the inequalities presented in Theorem 1 can be succesfully used to obtain other new results.
